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Abstract 

I introduce the notion of a parity horizon, and show that many simple solutions of shape 
dynamics possess them. I show that the event horizons of the known asymptotically flat 
black hole solutions of shape dynamics are parity horizons and that this notion of parity 
implies that these horizons possess a notion of CPT invariance that can in some cases be 
extended to the solution as a whole. I present three new solutions of shape dynamics with 
parity horizons and find that not only do event horizons become parity horizons in shape 
dynamics, but observer-dependent horizons and Cauchy horizons do as well. The fact that 
Cauchy horizons become (singular) parity horizons suggests a general chronology protection 
mechanism in shape dynamics that prevents the formation of closed timelike curves. 
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Introduction 


1.1 Background 


Shape dynamics is a classical theory of gravity that shares many featnres in common with the 
canonical formnlation of general relativity dne to Arnowitt, Deser and Misner [^, and which makes 
identical predictions abont the ontcomes of the experiments which have conhrmed general rela¬ 
tivity to dat^ Originally [^, shape dynamics was viewed as a reformnlation of canonical general 
relativity that traded the (on-shell) refoliation invariance generated by the qnadratic Hamiltonian 
constraint for spatial Weyl invariance generated by a new, linear Weyl constraint. The theories 
were qnickly seen to agree for a broad class of known solntions to general relativity—particnlarly 
those admitting globally defined foliations by spatial hypersnrfaces of constant mean extrinsic cnr- 
vatnr^ However, qnestions remained abont what the corresponding solntions of shape dynamics 
wonld look like for spacetimes that admitted snch foliations only locally, or whether it was even 
possible for shape dynamics to describe snch systems. 

A partial answer to this qnestion was provided by and 


10 


in which spherically symmetric 
and rotating asymptotically flat black hole solntions of shape dynamics were presented. These 
novel solntions were shown to agree with their general relativistic connterparts ontside their event 
horizons, bnt behave differently in their interior regions. Both solntions possess an inversion 
symmetry abont their event horizons, which implies that the interior regions shonld be interpreted 
as a time-reversed copy of the exterior regions, endowing the solntions with the character of a 
wormhole. I will show in the following sections that these featnres are not pecnliar to event 
horizons, bnt arise natnrally in solntions of shape dynamics with other types of horizons as well. 
I analyze the properties of these horizons and show that all of them are parity horizons, which are 
dehned in [§^ 

One way to nnderstand the disagreement between shape dynamics and general relativity when 
solntions develop horizons is to note that in the canonical formalism, many types of horizons arise 
when the lapse fnnction either vanishes or diverges. Since the determinant of the spacetime metric 
can be written = N^/q where q is the determinant of the spatial metric and N is the lapse 
fnnction, it is clear that on a horizon where the lapse vanishes or diverges, the determinants of 
the spatial and spacetime metrics cannot simnltaneonsly be finite and non-zero—one must choose 
between a smooth spacetime and a smooth conformal spatial geometry. 

With the benefit of hindsight, it is not particularly surprising that shape dynamics and general 
relativity disagree when solutions of either develop horizons, however it is still interesting to 
consider the particular ways in which the theories disagree in the presence of such surfaces. 

The remainder of the paper is organized as follows. In the following section, I will review the 
known asymptotically flat black hole solutions for shape dynamics and discuss their properties. In 
PI I introduce a spherically symmetric, charged black hole solution for shape dynamics analogous 
to the Reissner-Nordstrom black hole of general relativity, and discuss the properties of the solu¬ 
tion. In|§ 4[ I discuss the Rindler chart over Minkowski spacetime and introduce a new solution of 


^Readers seeking additional background on shape dynamics should refer to 

^For compact spatial manifolds, shape dynamics agrees with canonical general relativity when spacetime is 
foliated by hypersurface surfaces of constant mean extrinsic curvature. For asymptotically flat spatial manifolds, 
such as those discussed in this paper, shape dynamics agrees with general relativity when spacetime is foliated by 
maximal slices—meaning that the trace of the momentum conjugate to spatial metric vanishes. 
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shape dynamics which shares many of the same features. I will discuss how this new solution differs 
from its general relativistic counterpart and emphasize the crucial role played by the boundary 
conditions in shape dynamics. In |§ 5[ I briefly review closed timelike curves and discuss a family of 
solutions to Einstein’s equations known as the Van Stockum-Bonner spacetimes, which except for 
the lowest order case, are stationary, asymptotically flat and possess a compaclj^ Cauchy horizon 
within which closed timelike curves pass through every point. I will then present a novel solution 
of shape dynamics which agrees with the next-to-lowest order Bonner spacetime outside the hori¬ 
zon, but which does not develop closed timelike curves within—the Cauchy horizon is replaced 
by a parity horizon in the shape dynamics solution. I argue that this is evidence of a general 
chronology protection mechanism in shape dynamics that is signihcantly more parsimonious than 
many of the arguments that have been made for chronology protection in general relativity. 


1.2 Shape Dynamics 

Before continuing to the main results, it is worthwhile to review the construction of shape dynamics 


for asymptotically flat spatial manifolds presented in 11 and elaborated in 12 . One begins with 


the standard canonical formulation of general relativity. The canonical form of the Einstein-Hilbert 
action is given by 


[ cfxy/q {qijTT^^ - NS{x) - C^i{x)) - ^ [ (fx^/a{NK + r^N^i - 

( 1 ) 

where tt*-^ = is the momentum canonically conjugate to aab is the metric induced on 5E 
by Qij, r® is the outward pointing normal vector of dH, K is the trace of the extrinsic curvature of 
embedded in E, and N and are the lapse function and shift vector. The quantities S{x) and 
'Ha{x) are the scalar constraint (or “Hamiltonian constraint”) and the diffeomorphism constraint 
(or “momentum constraint”), dehned by 



5(a;) 
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( 2 ) 

(3) 


The scalar constraint]^ S (x) generates refoliations of spacetime provided the equations of mo¬ 
tion are satished, and the diffeomorphism constraint 'Hi{x) generates foliation-preserving spatial 
diffeomorphisms. 

The next step in the construction of shape dynamics is to extend the phase space of canonical 
general relativity by a scalar held 0 and its canonically conjugate momentum vr^, where plays 
the role of a “conformal factor” satisfying the fall-off condition ~ 1 -|- Together with 

the new hrst class constraint ^ 0, the addition of these new canonical variables trivially embeds 
canonical general relativity into the extended phase space (g^, 0, tt^). 

■^Here, “compact” means that the Cauchy horizon is compact when viewed as a (degenerate) two-surface em¬ 
bedded in any of the preferred spatial slices. 

^The quantity Gijki appearing in the scalar constraint is the DeWitt supermetric defined by: 

Gijkl ■— QilQjk') QijQkl- 
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To obtain a non-trivial embedding, one then performs the canonical transformation 


T^qij{x) 

T^(j){x) 

T4,7r^{x) 


Qiji 


X 


— g4<^(a:) 

= (/>(x) 

= 7r^(x) - 4qij(x)7r^^(x) 


The Hamiltonian for the extended phase space can be written in terms of the canonically trans¬ 
formed hrst class constraints: 


'^unk = / d^x [N(x)T^S(x) + C(x)T^'Hi(x) + p(x)T^7r^(x)] + T^B{N, 

JT. 


(4) 


where N{x) is the lapse function, ^°‘{x) is the shift vector and p{x) is a Lagrange multiplier for 
the Weyl constraint B{N,^) is the Gibbons-Hawking-York boundary term (the surface 

integral in Q), and T(i)B{N,^) plays an important role in defining the globally conserved charges 
in shape dynamics [^. The system described by this Hamiltonian is known as the linking theory, 
as it provides a link between canonical general relativity and shape dynamics 13 . In order to 


obtain shape dynamics from the linking theory, one imposes the gauge hxing condition 7r^(a:) = 0. 
The only constraint whose Poisson bracket with the gauge-hxing condition 7r^{x) = 0 is weakly 
non-vanishing is T^S{N): 


{T^S{N), n^{x)} = 4T^{S{N), 7r(x)} (5) 

where S{N) = d^xN(x)S(x) is the scalar constraint smeared with the lapse function N{x), and 
7i{x) = qij{x)7r'^^(x). Equation ([^ implies the “lapse-hxing equation”: 


T^{S{N), 7r(a;)} ^ 


7r*-^7r' 

\q\ 


kl 


( 6 ) 


where R is the scalar curvature of S, and ~ denotes “weak equality”—i.e. equality up to an 
additive term that vanishes when the constraints are satished. The solution Nq{x) of the lapse- 
hxing equatiorj^ ^ is unique up to a choice of boundary conditions on the lapse. This will be 


discussed in further detail in § 4 


After imposing the gauge hxing condition 7i(j){x) = 0 and working out the consistency conditions 
in the algebra of constraints, we are left with the hrst class constraints T^S{No), —47i{x) and 
T^Ri^x) = Ri^x) and the second class constraints T^S{x) — Tfi)S{No)y/q{x) and n^^x). Of the 
remaining hrst class constraints, T^S{No) generates time reparametrizations, Ri{x) generates 
diheomorphisms acting on the conformal spatial metric and it conjugate momentum, and —47r(x) 
generates spatial Weyl transformations. To summarize, the total Hamiltonian for shape dynamics 
is given by 


Rsu = T^S{No)+R^{e)-^7^{p) 


(7) 


®For a physical interpretation of the solution of ([^ as an effective “experienced lapse” for weak matter field 
fluctuations see |^. For a related discussion of how spacetime emerges from coupling shape dynamics to matter 


see 
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which leads to the first-order equations of motion: 


Qij 






ipQij + 2e 

- 20’*^' -1- 40’>’^' - + 2VVg*^') 

- V^Noq^^) + - 4p7r*^' 


e-^\2-K^T^i - TT^^TTkiq^^) 




( 8 ) 

(9) 


While the asymptotically flat formulation of shape dynamics described above is very useful for 
studying isolated systems, it should be thought of as an approximation to the more fundamental, 
spatially compact formulation of the theory. In that spirit, the solutions studied here should be 
thought of as approximately describing nearly empty regions of a much larger, spatially compact 
universe. The primary drawback of the asymptotically flat framework is that the solutions depend 
on a choice of boundary conditions, which spoils some of the relationalism that the full, spatially 
compact theory boasts 15 . Moreover, it is not yet clear what physical role the degeneracy 
introduced by the freedom to choose boundary conditions plays in the theory. The reader should 


particularly keep this point in mind when reading § 4 


2 Shape Dynamic Black Holes 

Assuming asymptotically flat and Lorentz-invariant boundary condition^ shape dynamics admits 
a unique spherically symmetric solution that can be described globally by the Schwarzschild line 
element in isotropic coordinates: 


ds^ 


_ m 


I m 
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dR + 
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1 + ^) d 


R -|- R{d6‘^ + sin^ OdcfR)) . 


( 10 ) 


This line element is a solution of the Einstein field equations only for r 7^ m/2, where m/2 is the 
location of the event horizon in isotropic coordinates, whereas this solution is valid everywhere 
from the point of view of shape dynamics. The line element is invariant under the transformation 
r —)■ m^/(4r). It can be seen from this inversion symmetry is that the “interior” of this solution 
is a time-reversed copy of the exterior, which makes manifest the wormhole character of the 
solution and that the solution possesses no central curvature singularity. In fact, from the point 
of view of shape dynamics, this solution is completely free of physical singularities since there are 
no singularities in the spatial conformal geometry. This can be seen by noting that the Cotton 
tensoij^ vanishes identically, which follows from the fact that the spatial metric is conformally flat. 


®For a more general analysis of spherically symmetric, asymptotically spatially flat solutions of shape dynamics 
that are not necessarily asymptotically Lorentz-invariant see |16|. 


^The Cotton tensor is defined by := — Vj {^Rik — \Rqik)- The Cotton tensor possesses all 

of the local information on the conformal structure of a three-dimensional Riemannian manifold just as the Weyl 
tensor contains all of the local information on the conformal structure of higher-dimensional manifolds 
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This solution can be understood in relation to the maximally extended Kruskal spacetime by 
considering the conformal diagrams displayed in [Fig. 1 The conformal diagram of the Kruskal 
spacetime (Fig. IT^ contains four regions. Regions I and III are causally disconnected and each 


possesses it’s own spatial inhnity. Region II containing a future space-like singularity and region IV 
contains a past space-like singularity. On the other hand, the conformal diagram of the spherically 
symmetric shape dynamic black hole (Fig. lb) contains only the two regions labeled (somewhat 
arbitrarily) “interior” and “exterior.” Much like regions I and III of the conformal diagram of 
the Kruskal spacetime, the interior and exterior regions each possess their own spatial inhnity. 
However, unlike the Kruskal spacetime, the interior and exterior regions meet along the event 
horizon A, and are therefore not causally disconnected. Observers can pass in one direction across 
the horizon from the exterior region to the interior. The regions containing the past and future 
singularities are absent in the shape dynamics case, rehecting the global regularity of the solution. 



(a) 


(b) 


Figure 1: On the left, (a) shows the conformal diagram of the maximally extended Kruskal spacetime. On the 
right, (b) shows the conformal diagram for a spherically symmetric, shape dynamic black hole. In each, are 
future and past null infinity, is spatial infinity, are future and past null infinity and A is the event horizon. 


The inversion symmetry of this black hole solution is known and has been discussed in [9] 
This property can be used to motivate the dehnition of a parity horizon which will be 


and 10 


referenced throughout the paper. 


Dehnition: Let {N, qij, } be a solution of the equations of motion of shape dynam¬ 
ics in the gauge in which p{x) = 0, = 1 and let qij = 0. If q^j admits a two-surface 

Sq on which the lapse function N{x) either vanishes or diverges and if there exists a 
spatial isometry V such that: 


1. V*q = q 

2 . VoV = 1 

3. V*N = -N. 
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Then V is called a parity and Sq is called a parity horizon. 


It is possible that this dehnition might be improved upon by restating it in a gauge invariant 
manner and/or extending it to include solutions with 7 ^ 0. However, for our purposes the above 
dehnition is adequate. Clearly, the event horizon of the spherically symmetric black hole solution 
discussed above is a parity horizon. In the remainder of this paper, I will consider various examples 
of known and novel solutions of shape dynamics which possess parity horizons, and discuss how 
the presence of this novel feature leads to physical differences between solutions of shape dynamics 
and solutions of general relativity that agree outside of horizons but disagree at and within them. 

Let us now consider another shape dynamic black hole solution whose event horizon is a parity 
horizon. It was shown in 10 that shape dynamics admits a rotating black hole solution that also 


possesses an inversion symmetry about the horizon manifesting its wormhole character, and it 
was argued that this solution is also free of physical singularities. The reconstructed line element 
associated with this solution can be written: 


ds^ = —A ^ {dt — oj ^d(j)Y + A + dO'^) + 


( 11 ) 


where 


s 

.27 


bJ 


= e 


A = e 


mp sinh p sin 9 

cosh^ p + cos^ 6 — 1 
[2mg sin^ 9{p cosh p + 1)] 
\{p cosh p + lY + cos^ 


( 12 ) 


2 I 2 
p + q 


= 1 


The solution becomes spherically symmetric when p —)• 1, g —0. The location of the horizon 
in these coordinates is p = 0 and the transformation p —)■ —p leaves the line element invariant, so 
this solution also possesses a parity about the horizon. In addition to avoiding the ring curvature 
singularity that is present in the interior of the Kerr spacetime, this solution also avoids the closed 
timelike curves present in that region. Since shape dynamics also has a preferred time variable, it 
is natural to wonder if it is a general feature of solutions of shape dynamics that closed timelike 
curves do not occur. This may indeed be the case, and in § 5 I will show that this is true for 


another solution of shape dynamics whose general relativistic counterpart contains closed timelike 
curves but possesses no event horizon. I will argue based on the generic features of this solution 
that chronology protection may be a general feature of the theory. 

In the following section, I introduce a charged black hole solution for shape dynamics analogous 
to the Reissner-Nordstrom black hole in general relativity. It is shown that the event horizon is 
again a parity horizon and that the parity about the horizon leads to a fully CPT invariant 
solution. 


3 A Reissner-Nordstrom-Like Shape Dynamic Black Hole 

To address the question of whether charged shape dynamic black holes possess some notion of CPT 
invariance, one must hrst couple the linking theory to the electromagnetic held and perform a phase 
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space reduction to obtain shape dynamics coupled to electromagnetism 11 
density for electromagnetism is given by 


The Hamiltonian 


^BM — 2 1 q-^ y'q + ^ 

1 

(13) 

where Ai is the vector potential and E^ is its canonically conjugate momentum. The physical 
electric held E^ is related to the vector density E^ hj E^ = ^. Coupling electromagnetism to 
general relativity yields the system of constraints: 

71^3 71 ■ ■ — TT^ 

S{x) = y^R + n.M 

^/q 


(14) 

Ha{e) = J d^x + AC^E^) 


(15) 

G{x) = 


(16) 


The next step is to extend the phase space and perform the canonical transformation of the 
constraints. Before proceeding, one must determine how Ai and transform under the canonical 
transformation Ta,. Here it is assumed as in 


11 


, that Ai and E'^ transform trivially under so 
that one can retain a system of hrst class constraints with well-dehned global charges. With this 
additional assumption, the transformed coupled scalar constraint becomes 


T^S{x) = (SV^H -R) + 


TTijlT 


1-3 


TT 


+ H-'-H 




- 2 ^ 


0 . 


(17) 


where H Imposing the gauge-hxing condition = 0 one obtains the coupled second class 

constraint 


T^S{x) ^ (SV^H -R) + 


(18) 


where n{x) is now once again viewed as a hrst class constraint generating spatial Weyl transfor¬ 
mations. As in the uncoupled case, one can also derive a consistency condition that hxes the lapse 
function: 


( ij kl ''2—1 X 

j ^ 0. (19) 

In order to hnd a simple solution to the coupled constraints, we consider spherically symmetric 
conformal initial data which trivially satisfy the coupled hrst class constraints if we choose p = 

o = e: 

q^,=rly, = 0, A = 0, = (20) 

where py is the hat spatial metric written in spherical coordinates, and the barred quantities are 
arbitrarily rescaled according to their conformal weight by a conformal factor H which is to be 










determined by solving (18). Note that the chosen initial data is static and spherically symmetric, 


so the equations of motion are trivial, and that the spherically symmetric electric held i?® is just 
the coulomb electric held in the hat background dehned by qij = rjij. 

Since the conformal initial data is written in terms of the hat spatial metric rjij, the scalar 


curvature R vanishes, and (18) becomes simply 








= 0 . 


( 21 ) 


Putting (20) into (13) gives an explicit expression for Hem which can be substituted into (21) to 
give 


8113 I ^ ^ = 0 

y j 


( 22 ) 


where I have also used spherical symmetry to assume that 12 depends only on r and primes denote 
diherentiation with respect to r. Equation (22) is difficult to solve in its present form, but it can 

(23) 


be simplihed by making the substitution 12 ^ = ■ 0 , which yields 


— 2 + Atfjtlj'' H—'0-0' + 


2 Q 2 


= 0 . 


Now equation (23) can be solved by making the Laurent series ansatz: 

OO 


c„r 


(24) 


n=0 


The derivatives of V’ can be easily calculated from 


- 0 ' = — nCnV ^”^ 3 ) 

n=0 

OO 

‘Ip" = n{n + l)cnr~^”''*~^\ 

n=0 


Inserting (24) and (25) back into (23) yields the inhnite double sum: 


(25) 


[— 2 ? 7 m + 4 n(n — 1)] r l^+m+n) 

m=0 71=0 



(26) 


In order for (26) to be satished to all orders, all terms for which m + n 7 ^ 2 on the left-hand side 
must vanish. This implies that q = 0 for i > 2, which means that the series terminates. Collecting 
the terms proportional to r~^ on the left hand side gives: 


+ 4coC2 — 

Imposing the generic boundary condition^ cq = 1, Ci 
terms of the mass m and electric charge Q: 


0 . 


(27) 


m, equation (27) can be solved for C 2 in 


®The choice to rename ci 
is equal to m. 


m can be justified a fortiori by noting that the ADM mass of the resulting solution 
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(28) 


C2 ^ 


— Q'^ 


Inserting equation (28) back into equation (24) and recalling that c„ = 0 for n > 2: 


m m? — 
^ + 7 + 4^2 


rp 


(29) 


ordinary differential equation: 


Putting equations (|29|) and (20) into (19), one obtains the homogenous, linear, second order 

n: 

(n” + 2(- + iV'^ - %N = 0 (30) 


r f2 


which given asymptotically flat boundary conditions, has the unique solution: 

1 rrP-Q^ 


N = 


4^2 


\ -i- tn 

' r ' 


(31) 


4y,2 


Rescaling the conformal initial data by the appropriate powers of according to their conformal 
weights gives the spatial metric and physical electric held: 


E' = + ™ + 


The reconstructed line element associated with this solution of shape dynamics is given by 


(32) 

(33) 


= —N'^dt^ + qijdx^dx^ = 


1 - 


4j.2 


l + ? + 


m?—Q^ 

4j.2 


dt‘^ + 


m 

1 H-h 

r 


m 




4j.2 


[dr^ + r'^dSf) (34) 


where dS"^ = dO"^ + sin^ is the metric on the unit two-sphere. Equation (34) is just the line 


element of the Reissner-Nordstrom black hole written in isotropic coordinates, which is well known 
in the context of general relativity, and has been derived by similar methods in for example 18 


The physical difference between this shape dynamics solution and the Reissner-Nordstrom black 
hole is once again that the shape dynamics solution has a wormhole character manifested by the 
presence of a parity horizon. The event horizon of this black hole solution is located at r = r* = 
where the lapse vanishes. In the limit Q —)■ 0, one recovers the uncharged spherically 
symmetric shape dynamic black hole and the location of the horizon reduces to r = r* = m/2. 
Just as in the uncharged spherically symmetric black hole, the spatial metric is invariant under 
the parity r ^ f = r‘l/r, while the lapse changes sign under this transformation. Thus, the surface 
r = r* is a parity horizon. 

It is interesting to consider how the electric held E = E^di transforms under parity. One can 
check that 
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^ , m 

^ + 7 + 4^2 


-3 


^Or 


-)■ 


m m? — Q^ 
'f 4:T^ 


-3 


7 ' ” 


(35) 


SO the electric field transforms like a vector under parity and transforms trivially under time 
reversal t —>■ —t. The lapse changes sign under time-reversal, which can be seen by noting that 
N can be defined through the linking theory as N = —where is the unit normaj^to the 
maximal space-like hypersurface of constant t. Finally, the electric field changes sign under charge 
conjugation Q ——Q while the spatial metric and lapse are invariant under this transformation. 
Putting all this together, it is clear that the charged spherically symmetric shape dynamic black 
hole solution derived above is CPT invariant. 

It is worth noting that while the uncharged spherically symmetric shape dynamic black hole is 
fully (C)PT invariant, the rotating solution is not. It is easy to see that while the parity preserves 
the spatial metric and changes the sign of the lapse, the shift vector transforms like a pseudo¬ 
vector under parity (i.e. it does not transform) while it changes sign under time-reversal. Thus, 
the combination of parity and time-reversal has the effect of changing the sign of the angular 
momentum. 

However, one can still recover PT invariance of the rotating shape dynamic black hole as an 
asymptotic symmetry which is approximate in the bulk but becomes exact on the horizon. This 
can be done by noting that the spacetime coordinate transformation i = t — where ojq is 
the angular velocity of the horizon measured at spatial infinity, preserves the Weyl constraint 
and is thus a residual gauge symmetry inherited from the linking theory. The effect of this 
transformation is that the new time coordinate t is defined so that its associated coordinate 
derivative = dt + uodfp is the stationarity Killing vector defining the bifurcate Killing horizon of 
the reconstructed spacetime. In terms of this adapted time coordinate, (0 becomes: 


= —A ^ [dt + (wq ^ — o; dcj)^ + A + d9‘^) + 


(36) 


It is easy to see that in these coordinates the shift vector vanishes on the horizon, and the time 
reversal f —)■ —f combined with the parity fi —)■ —fi is an asymptotic symmetry of the horizon. In 
the static cases, there is no difference between t and t since the angular velocity of the horizon is 
zero. This suggests that in defining time-reversal for stationary shape dynamic black holes, one 
should take f —)■ —f rather than t —)■ —t. Based upon these considerations, one would expect that 
a Kerr-Newman-like shape dynamic black hole would possess an asymptotic CPT invariance that 
becomes exact on the horizon, but this is left for future work. 

While all of the black hole solutions I have considered are electrovac solutions, there is reason 
to think that parity horizons might emerge in the near horizon limit of black hole solutions of 
the shape dynamics equations of that contain matter in the exterior region as well. Medved, 
Martin and Visser have studied static and spherically symmetric but otherwise generic “dirty” 
black holes 19 in the canonical formalismp^ by expanding in powers of the radial proper distance 
from the horizon. Their results show that the lapse and spatial metric define a parity horizon at 


®In the present setting, where the lapse can naturally take on both positive and negative values, the normal 
vector is taken to be fixed under time reversal. 

using a time function whose associated coordinate derivative coincides with the static timelike killing vector 
field, the momentum conjugate to the spatial metric naturally vanishes ensuring the Weyl constraint is trivially 
satisfied. 
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least up to cubic order for lapse and up to quadratic order for the spatial metric. It is noteworthy 
that this is a local construction and does not make any assumptions, such as asymptotic flatness, 
about boundary conditions at inhnity. 

Next, I will show that Rindler space can be viewed as a solution of shape dynamics and that 
the Rindler horizon is also a parity horizon. 

4 Rindler Space as a Solution of Shape Dynamics 

4.1 The Rindler Chart 

The Rindler chart represents a congruence of uniformly accelerating observers over a portion of 
the Minkowski spacetime. It is of particular interest because despite the fact that it is related to 
ordinary Cartesian coordinates in flat spacetime by a spacetime coordinate transformation, the 
Rindler chart contains an observer-dependent horizon which has a non-zero surface gravity, and 
hence a non-zero temperature, much like the event horizon of a black hole. 

In order to construct the Rindler chart, one can begin with Cartesian coordinates over Minkowski 
spacetime. The line element is simply: 

ds^ = -dT^ + dX^ + dY^ + dZ^ (37) 

If one then introduces the coordinate transformation 

t = — tanh“^ 

K 

X = - T2 

y = Y 
z = Z 



one obtains the Rindler chart with the line element 


ds‘^ = -I- dx^ -I- dy'^ + dz^. 


(38) 


The congruence of uniformly accelerating observers see a horizon located at a: = 0, which can be 
seen by noting the time-time component of the metric goes to zero there. It is worth noting that the 
coordinate transformation (38) dehnes x only for a: > 0. For this reason, the chart is often called 
the “right Rindler wedge,” and the left wedge must be dehned separately with x dehned to have 


^^This is a physical effect: If one considers a Klein-Gordon field propagating in Minkowski space, one can identify 
the vacuum state with respect to inertial observers, but this state is not a vacuum with respect to accelerated 
observers—rather accelerated observers see a thermal bath of excitations of the Klein Gordon field with temperature 
equal to k,/2tt where k is the surface gravity of the Rindler horizon 


20 . This is entirely analogous to what 


happens when one considers a scalar field in a black hole background— initial asymptotic vacuum states are not 
final asymptotic vacuum states, and the result is that the black hole creates particles in the form of Hawking 
radiation 


effect.” 


21 . The fact that accelerated observers in flat spacetime observe a thermal bath is known as the “Unruh 
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the opposite sign. Since this solntion was obtained by performing a coordinate transformation 
that mixes space and time, it is not obvions that it is physically eqnivalent to the Minkowski 
spacetime from the point of view of shape dynamics; Spacetime diffeomorphisms are not a gange 
symmetry of shape dynamics, only spatial diffeomorphisms and spatial Weyl transformations are. 
Note however, that this coordinate transformation preserves the Weyl constraint, so Rindler space 
should indeed be a solution of shape dynamics. Next, I will show how Rindler space can be derived 
as a solution of shape dynamics from hrst principles. 

4.2 Rindler Space in Shape Dynamics 

As mentioned earlier, shape dynamics trades the refoliation invariance generated by the Hamilto¬ 
nian constraint of general relativity for spatial Weyl invariance generated by a new Weyl constraint. 
One consequence of this symmetry trading is that the lapse function is not a Lagrange multiplier 
in shape dynamics, but must instead satisfy the lapse-hxing equation ([^, which is reproduced 
below for convenience. 


e-4^(V2iV + 2g“V,aiV,fe) - = 0. 

Now choose the flat initial data = 5ij, tt*-^ = 0, and choose the gauge 0 = 0, so that the 
spatial slices in the reconstructed spacetime are flat, as opposed to conformally flat as they are 
in the spherically symmetric black hole cases. If the shift vector is chosen to be zero, then the 
reconstructed line element associated with this solution of shape dynamics will have the form: 

ds^ = —N'^dt^ + Qijdx^dx^. (39) 

In this simple case, the lapse-hxing equation (|^ reduces to Laplace’s equation, = 0. 

The general solution of the lapse-hxing equation for this initial data is now trivially given by the 
harmonic functions. In spherical coordinates, this yields: 

OO i 

N{r,e,<P) = J2 E + (40) 

i=0 rn=—i 

where Y^{9,(j)) are spherical harmonics. First, consider asymptotically hat boundary conditions 
N{oo) = 1 and drN ~ where the latter condition essentially imposes that the total energy 

of the solution is zero. Obviously, the only way that the hrst boundary condition can be satished 
is if £ = 0, so the solution becomes 

/V(r,e,^)= + (4i) 

But is just a constant, and the second boundary condition implies that Bq = 0. 

Putting this together, we have N = const., and since N{oo) = 1, this means = 1 everywhere. 
Switching back to Cartesian coordinates, one obtains the Minkowski line element: 

ds"^ = —N‘^dt^ + Qijdx'^dx^ = —dt^ -|- dx"^ + dy'^ + dz^. (42) 
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On the other hand, one can consider Cartesian spatial coordinates, and demand that N{x = 
0) = 0, ^la,=o = where k is a constant. It is interesting to note that this problem can be 
mapped onto the problem of hnding the electric potential (for x > 0) due to an inhnite plane of 
surface charge at x = 0, so one can more or less guess the solution N = Ex, where is E is some 
constant playing the role of the electric held. It is a simple exercise to show that the constant 
playing the role of the electric held is exactly k, and this is carried out in the appendix for the 
sake of completeness. 

The reconstructed line element has the form of the Minkowski spacetime written in Rindler 
coordinates: 


ds = —N dt + Qijdx^dx^ = —K x dt + dx + dy + dz . 


(43) 


It is not terribly surprising that non-inertial observers can be obtained by changing the bound¬ 
ary conditions on the lapse; Eulerian observer^ are generally non-inertial, with their proper 
acceleration given by a* = Vj(lnA^). What is more surprising is that the spacetime reconstruc¬ 
tions obtained from these diherent boundary conditions on the lapse are related by a spacetime 
diheomorphism. The fact that this is a residual gauge transformation from the point of view of 
shape dynamics may shed some light on the fact that the accelerated Eulerian observers associated 
with the Rindler chart observe physically different effects than their non-accelerated counterparts 
in the usual Cartesian Minkowski chart— they observe a thermal bath of Unruh radiation. Resid¬ 
ual spacetime coordinate invariance in shape dynamics was partially explored in 22 , but it is still 


not completely understood what role these transformations play in the theory. From the point of 
view of shape dynamics, these symmetries, which as in the present case may be disconnected from 
the identity, seem somewhat less fundamental than the gauge transformations generated by the 
hrst class constraints which make no reference to any properties of particular solutions, and are 
pure-gauge even off-shell. 

Finally, it is worth noting that while at a glance the line elements seem to agree, the Rindler 
chart is a complete solution from the point of view of shape dynamics. That is, the coordinate x is 
well dehned for all real values and therefore covers both the right and left wedges. As a solution of 
shape dynamics, the Rindler chart is therefore globally different from the corresponding solution of 
general relativity where it is dehned only for the right and left wedges separately, and globally also 
includes future and past wedges that are not present in the shape dynamics solution. These global 
differences are entirely analogous to those found when comparing the black hole solutions of shape 
dynamics and general relativity, but in the case of the Rindler chart, there is no event horizon. It 
can be easily seen that the spatial metric is invariant under the parity x —>■ —x, while the lapse 
changes sign under this parity, just as in the black hole solutions. Thus, the observer-dependent 
Rindler horizon is a parity horizon from the point of view of shape dynamics. This suggests that 
global disagreement with shape dynamics may arise whenever a stationary horizon of any kind 
is present in a solution general relativity, and that the corresponding solution of shape dynamics 
will contain a parity horizon. 

In the following section, I will present yet another solution of shape dynamics that possesses a 


^^Eulerian observers are congruences of timelike curves whose tangent vectors are orthogonal to the spatial 
hypersurfaces of a (reconstructed) foliation of spacetime. These are natural observers to choose from the point 
of view of shape dynamics as they are “inertial” with respect to the spatial geometry (hypersurface orthogonal), 
although they are generally non-inertial in that their proper acceleration is non-zero in the reconstructed spacetime. 
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parity horizon and which presents physical differences from the corresponding solution of general 
relativity in that the general relativistic solution contains closed timelike curves while the shape 
dynamics solution does not. This can be seen as an advantage for shape dynamics, as closed 
timelike curves violate causality and solutions of general relativity containing closed timelike curves 
are generally explained away on a case by case basis as being “unphysical” for various reasons 
(e.g. they are quantum-mechanically unstable or they require non-localized matter distributions). 
In shape dynamics, no such ad hoc apologies are necessary—solutions of shape dynamics simply 
seem not to contain these pathologies. 


5 The Bonner Spacetime as a Solution of Shape Dynamics 


5.1 The Van Stockum Bonner spacetimes 

The Van Stockum-Bonner spacetimes are a class of asymptotically flat stationary, axisymmetric 
solutions of Einstein’s equations sourced by rigidly rotating dust. The solutions are (with the 
exception of the lowest order case, which is invariant under translations parallel to the ; 2 -axis, and 
is not asymptotically flat) ultra-relativistic in the sense that they possess no Newtonian limit. 
Indeed, it was pointed out in 23 that any density gradient in the 2 ;-direction would produce 
gravitational forces parallel to the 2 ;-axis that would violate the assumption of rigid rotation. In 
general relativity, solutions with rigidly rotating dust are possible provided the angular velocity 
of the dust is sufficiently rapid. 

Let us briefly review the properties of the Van Stockum-Bonner spacetimes. Our discussion 


closely follows that of 24 which the interested reader may consult for further details. In cylindrical 


coordinates, the Bonner-Van Stockum spacetimes are described by the line element 

ds^ = —dt^ + 2K{p,z)d(j)dt + — K‘^{p,z)) dcj)^ {dp^ + dz^) 

The Einstein held equations imply that 


(44) 


n = 


= 


Kl - K 






Ap 




2p 


(45) 

(46) 


Differentiating (45) and (46) with respect to 2 ; and p respectively, and noting that the partial 


derivatives commute then requires that K (p, z) satisfy the linear, elliptic partial differential equa¬ 
tion: 


K 


pp 




= 0 . 


(47) 


Given a solution of (47), one can solve the system (45), (46) for 4/ which completely determines 
the line element (44). On the other hand, it was shown in [10| that the general line element (up to 
coordinate transformations) representing a stationary, axisymmetric solution of the Einstein held 
equations 
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ds^ = -{N^ - + Q[{dxy + {dxy + + 2Q<!>^d(j)dt 


(48) 


induces a maximal slicing by hypersurfaces of constant t. Putting x^ = p, x"^ = z, (48) can be put 


in the form of (44) by making an appropriate choice of the metric functions N, $, and 


N = {1- K^/p^) 


- 1/2 


n = <h = {p^ -K^), ^ = 


K 


p‘^-K^' 


(49) 


This implies that (44) induces a maximal slicing by hypersurfaces of constant t, which is 


precisely the criterion needed to map a solution of general relativity onto a solution of shape 


dynamics, at least locally. Every solution of (47) yields a solution of (44) that possesses a surface 
dehned by the equation p^ = K^, and it can be readily seen that such a surface has two important 
properties. 

First, on such a surface = 0, and it can be easily checked for any solution that this divides 
the spacetime into two regions: an “exterior” region dehned by p^ > and an “interior region” 
dehned by < K'^. In the interior region, < 0, and the coordinate basis vector is therefore 
timelike in this region. Since the coordinate 0 is periodic with period 27r, the integral curves of 
are closed. Therefore, the interior region is hlled with closed timelike curves. Any surface which 
divides a spacetime into a causal region without closed timelike curves, and an acausal region with 
closed timelike curves is a special kind of Cauchy horizon called a chronological horizon (^ . 

The second important feature of this chronological horizon, is that the lapse function, N goes 
to inhnity there, as can be easily from the hrst of equations (49). Recall from §1.1 that the 


determinant of the spacetime metric can be written y/—g = and if this quantity is hnite 

as it must be for a non-singular region of spacetime, then if the lapse function N diverges on 
some surface, the determinant of the spatial metric must vanish. This is indeed the case, since 
94 >(j> = = 0 there are no off-diagonal terms in the spatial metric. This is a signal that 

the “spatial” metric changes signature across this surface and is no longer truly spatial in the 
interior region. This is physically unacceptable from the point of view of shape dynamics, since 
shape dynamics is a theory of the time evolution of conformal equivalence classes of Riemannian 
three-manifolds. Nevertheless, the fact that the line element (44) induces a maximal slicing by 


hypersurfaces of constant t in the exterior region, means that this is a solution of shape dynamics 
in the exterior region. In what follows, I will consider a spatial coordinate transformation that is 


a diffeomorphism only in the exterior region, but which takes the line element (44) into a form 


that makes the spatial metric non-degenerate across the chronological horizon, yielding a complete 
solution of shape dynamics that covers the whole spatial manifold. 


5.2 The Bonner Solution for Shape Dynamics 


Equation (47) is linear and invariant under translations in 2 ;-direction. Consequently, any linear 


combination of known solutions and their 2 ;-derivatives of any order is again a solution. A simple 
class of solutions can be obtained by expanding iC(p, z) in a superposition of modes. The external 
multipolar solutions are given by 


K{p,z) = 


z {p‘^ + z^^y"^ 2F1 (^ A 




2 ’ 2 ’ 2 ’ p^+z^ 

p f _ n+l n. 1. 2 ^ 

2-^11 2 ’ 2 ’ 2 ’ p 2 + j ,2 


U = 0, 2, 4, 6. 
n = 1,3, 5, 7. 


(50) 
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where 2 Fi{a,b] c-,t]) is the hypergeometric function dehned for \r]\< 1 by the inhnite series 


2Fi{a,b;c;r]) = 

and {q)m is the Pochhammer symbol: 


OO 

E 

m=0 


[a)mib)n 

ic)r 


m\ 


( 51 ) 


{Q)m 


1 , 


m = 0 


q{q + + m — 1), m > 0. 


(52) 


When either a or 6 is a non-positive integer, as it is in the expressions for the mnltipolar solntions 
for K{p, z), the hypergeometric fnnction becomes a polynomial of hnite order: 


n 


2Fi(-n,6; c; r/) = ^(-1)' 


m=0 


{C)m' ■ 


(53) 


For simplicity, I will consider a particnlar solntion to (47) and its associated line element (44) cor- 

A -K ^ p (—82^^^ 

responding to the n = 1 mode of ( |50[ ), for which K{p, z) = 2h ^ 22^/2 'h(p, z) = 


4 (p2+^2)'‘ 


where h is a positive constant with dimensions of area parametrizing the location of the chrono¬ 
logical horizon. Details abont this solution can be found in |2^ . 

It is more convenient to work in spherical coordinates, where K(r, 9) = ^ sin^ 6, and 
4/(r, 9) = ^ (sin^ 9 — 8 cos^ 9). After changing to spherical coordinates, the line element 


(44) becomes 


ds"^ = —dt^ -|- 2Kd(f)dt + e^^ {dr^ + r^d9'^) + (r^ sin^ 9 — K^) dcfP'. 


(54) 


This solution is known as the Bonner spacetime, and in spherical coordinates, the equation 
dehning the chronological horizon is given by 


4/i2 

sin^ 9 -^ sin^ 9 = = 0 


or = 2hsin6*. 


(55) 


The chronological horizon in the Bonner spacetime has roughly the shape of a degenerate torus. 


with its inner circumference shrunken to a point. Fig. 2 depicts the chronological horizon in the 
p-z half plane. 


Equation (55) depends on both r and 9. To find coordinates that make the spatial metric 


smooth across the chronological horizon, it will be convenient to work in coordinates that are 


adapted to this surface, so that (55) takes the form x = constant for some new spatial coordinate 


X. This can be accomplished by making the coordinate transformation 


X = Vr"^ — 2hsm9 (56) 

y = \/r‘^ + 2hsm9 (57) 

In the {x, y) system, the chronological horizon is located at a; = 0, and the spatial part of the line 
element becomes 
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Figure 2: 


A plot of the chronological horizon horizon in the Bonner spacetime for h = \. 


= Qijdx'^dx^ 


= e 


2 '!' 


I {xdx + ydyY 
+1/2 






(t/^ — x^) — 16 /i^ 


{ydy — xdxY 




32h‘^ x+t/2 


(58) 


In the near-horizon limit x^ << y^, (58) reduces to 


2 4 

ss [(3+(i/) + y'^dy'^) + 2Q.(y)xydxdy] + 


(59) 


where I have dehned 


Q^{y) = ^± ^ y" 


22/2 8^2 2 / 4 - 16^2 ■ 


(60) 


From equation (59) one can read off the determinant of the spatial metric in the near horizon 
limit: 


4 6 

l?l= e« (Ql - op (61) 

Clearly, as x —)■ 0, 1^1—)■ 0 as well, indicating that the spatial metric is still degenerate across 
the chronological horizon in the (x, y) system. This can be remedied by making one hnal spatial 
coordinate transformation that is a diffeomorphism only for x > 0. Since the determinant of the 
metric transforms as \q\^ |5|= under a coordinate transformation dx^ —)■ dx°‘ = J\dx^ 

with Jacobian J\ = one can make the near-horizon spatial geometry non-degenerate by 
transforming the x coordinate so that the x-dependence of the near-horizon determinant of the 
spatial metric is canceled. This can be done by choosing a new coordinate u so that ^ cx x^. 
Making an analogous transformation of the y coordinate to preserve the symmetry of the metric, 
one can choose: 
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u = h (62) 

V = h-Y- (63) 

where the prefactors of h~^ appear so that the new coordinates have dimensions of length. In the 
{u, v) system, the spatial line element becomes 

di‘^ = Qijdx^dx^ 

- - 7/2/3,,2/3(,,2/3_ 2/3N2 

= \Q+{u,v) (u~‘^^^du‘^ + v~'^^^dv‘^) + 2 Q_{u,v)u~^^^v~^^^dudv] H-—57^- T^j^dcj)^ 

(64) 

where I have dehned 


Q±{.u,v) = — 




^^2/3 _ ^ 


2/3y 


+ ' ' (y2/3 

In the near horizon limit one hnds that 


u 


2/3)^ - 16a2 


a 


= hV3. 


(65) 


Q±{u,v) ^ Q±{v) = — 


a 


±^;2/3_ 


,4/3 


t;2/3 .y4/3 _ XQq,2 

and the near-horizon limit of the spatial determinant becomes 


m 


44' 


Q-{vf) 


(y2/3_^2/3y 


32 / -v \ / j .^2/3 _|_ y2/3 

which is hnite and non-zero on the chronological horizon u = 0. 


( 66 ) 


(67) 


Clearly, the transformation (62) is a diffeomorphism only for m > 0, i.e. outside the chronolog¬ 


ical horizon, as its inverse transformation x = {huY^^ is not differentiable at m = 0. Nevertheless, 
the spatial metric is non-degenerate across the chronological horizon, and the coordinate u can be 
extended to all real values. Noting that the line element (64) is invariant under u —>■ —m, it can 


easily be seen that the spatial geometry possesses a reflection symmetry about the chronological 
horizon. Moreover, in the (m, v) system, the lapse becomes 


N{u,v) = 


u 


2/3 ^2/3 

(nn)^/3 


( 68 ) 


which changes sign under the parity u —)■ —u . Just as in the other solutions of shape dynamics with 
horizons that have been considered, the “interior” region may be interpreted as a time-reversed 
copy of the exterior region— the chronological horizon becomes a parity horizon. This makes it 
obvious that no portion of the reconstructed spacetime possesses closed timelike curves. Finally, 
it is worth emphasizing that since the spatial geometry is non-degenerate for all values of m, and 


since the line element (64) is globally related to (48) by a spatial diffeomorphism (except on the 
horizon, which needs to be treated with some care), this line element corresponds to a complete 
solution of shape dynamics, covering the entire spatial manifold except the horizon, u = 0 which 
will be discussed in the following section. 
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6 Conformal Singularity of the Chronological Horizon 


In the previous section, it was shown that in the {u^v) system the spatial metric (64) becomes 


non-degenerate and the chronological horizon becomes a parity horizon. The canonical momentum 
in these coordinates can be found by considering Hamilton’s equation for 
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Qij = 4:p{x)qij + 2e 


N ( 


+ 


(69) 


where denotes the Lie derivative of the spatial metric along the shift vector. With the gauge 
hxing conditions p{x) = 0, 0(a:) = 0, and noting that qij = d^qij = 0, (69) yields the simple 
expression 


TT 0 4 — 




N 


hi)' 


(70) 


for the canonical momentum vr, 


It is easily seen from (69) that the trace of the momentum vr = 0 
and this can be explicitly conhrmed from (70) and (64), so the Weyl constraint is satished. One 
can also check that as m —>■ 0, tIu 4 > ~ —)■ oo. This is not surprising as the transformation to 

the (m, v) system deliberately introduced a singularity in the quu and quv components of the spatial 
metric in order to cancel the degeneracy from the vanishing the of q^(j, component. Next, it will 
be shown that the singularities appearing in spatial metric and its conjugate momentum are of a 
physical nature— i.e. the chronological horizon of the Bonner solution for shape dynamics is an 
extended physical singularity. Finally, we argue that this result can generically be extended to a 
broader class of solutions containing chronological parity horizons. 

Since shape dynamics is a theory of evolving conformal geometries, our analysis will focus on 
invariants constructed from the conformally invariant degrees of freedom of the spatial curvature. 
In three spatial dimensions, the rank-three Cotton tensor 


'^ijk ■ VA: ( ^ij ^ Qij j ( ^ik ^ qik 


(71) 


contains all of the local information concerning the conformal geometry of space with the Cotton 
tensor vanishing if and only if the spatial geometry is conformally flat. The algebraic complexity 


of the line element (64) makes computation of the Cotton tensor difficult, but one can analyze 


the behavior of the spatial conformal geometry of the exterior by considering the Cotton tensor 
in spherical coordinates for h = 1. When this is done, one can compute the square of the Cotton 
tensor: 


= 4r-22 exp ( -r-^ sin^ 9 (3 cos 0 + 1) (3 cos 9 - 1)^ (72) 

\2 / B{r, cos 9) 

Where A{r, cos 9) is a polynomial of degree 32 in r and cos 9 with integer coefficients and B{r, cos 9) 
is a polynomial of degree 24 in r and cos 9 with integer coefficients. It can be shown using numerical 
methods that A{r, cos 9) is non-zero on the horizon, while B{r, cos 9) goes to zero there. Plots of 
B{r,9) are shown below. 

^^The bar over the metric has been omitted for notational convenience. 
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Figure 3: A plot of B{r, 9) < 5000 for /i = 1 with 0 < r < 1.6, 0 < 0 < tt. 



e 


Figure 4: A plot of B{r, 9) < 100 for = 1 with 0 < r < 1.6, 0 < 9 < tt. 


Fig. 3 shows the general behavior of B{r,6) near the horizon, while the range in Fig. 4 


IS 


restricted to [0,100] in order to display the shape of the horizon in the r — 6 plane. One can see 
from hgures 2 and 3 that B{r, 6) goes smoothly to zero along a curve in the r — 6 plane, and it 
can be shown that this curve exactly coincides with the chronological horizon = 2hsm6. For 
values of r and 6 that lie in the interior of the horizon, the plots have no physical signihcance, as 
the (r, 6) system yields an ill-dehned spatial conformally geometry for these values. Nevertheless, 
we can gain insight from the behavior of the invariant outside and on the horizon. Since 

this invariant diverges smoothly as one approaches the horizon, and since it is an invariant of 
the spatial conformal geometry, there exists no spatial diffeomorphism of the exterior that can 
remove this divergence. Thus, we are forced to conclude that the cost of removing the degeneracy 
of the spatial metric in order to hnd a complete solution of shape dynamics is that the parity 
horizon of the shape dynamics solution must be regarded as an extended physical singularity. It 
is noteworthy that this is the hrst known solution of shape dynamics that possesses a “shape 
singularity”—i.e. a singularity in the spatial conformal geometry. 

There is good reason to think that the feature we have just observed, namely that the chrono¬ 
logical horizon becomes an extended physical singularity in shape dynamics, holds quite a bit more 
generally than in the specihc case we have considered above. If we consider the spatial metric 
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associated with the line element (48), we can compnte the general form of the invariant 
in cylindrical coordinates: 


c/pijkc/p _ 

^ ^ijk — 




I /2 


d^'ip dip d‘^ip dip d‘^ip dip 


2ip 


dz^ dp^dz dz dz"^ 


2ip 


dp dpdz dz 




dip 

dp 


{ dip 


n 2 


+ (/><-»=) 
(73) 

Since the chronological horizon for any snch solntion is dehned by '0(p, = 0, we see that the 

invariant generically diverges for any stationary, axisymmetric solution of shape dynamics with a 
chronological horizon so long as the numerator of the invariant does not conspire to cancel this 
divergence. 


7 Discussion 

The various known and novel stationary, axisymmetric solutions of asymptotically flat shape 
dynamics presented in this work demonstrate the pervasiveness of parity horizons in this context. 
The fact that black hole solutions of shape dynamics are physically different from those of general 
relativity opens up new possibilities for black hole physics and thermodynamics if shape dynamics 
is the correct description of the true degrees of freedom of the classical gravitational held. Some 


very preliminary results on the thermodynamics of shape dynamic black holes was discussed in 26 


A particularly striking feature of these solutions is that they contain no central physical singularity, 
a fact that strongly suggests that shape dynamic black holes do not suffer from an information loss 
paradox as general relativistic black holes do. The CPT invariance of electrovac black hole solutions 
with a high degree of symmetry presents an interesting possible connection to the standard model 
of particle physics. While shape dynamic black holes have some promising features, there are 
still some important open questions that need to be addressed, not least of which is whether such 
solutions can form from collapse, a problem which is already being explored and which promises 
to shed light on the known eternal solutions. Collapse models are also an important step in 
understanding two features of shape dynamic black holes which are currently poorly understood: 
First, what does an observer see as she passes through the horizon of a shape dynamic black hole? 
And second, do shape dynamic black holes evaporate via Hawking radiation? 

The hrst of these questions arises as a result of the fact that these solutions do not form well- 
dehned spacetime geometries on the horizon. As a result, the timelike component of the geodesic 
equation is ill-dehned at the horizon, and the trajectories of observers that would ordinarily be 
expressed as timelike geodesics con no longer be described in this manner. This might be resolved 
by dehning timelike geodesics connecting points in the interior and exterior at different times as 
piece-wise smooth curves that are timelike geodesics in the interior and exterior regions and that 
minimize the proper time. In this way the resulting degenerate spacetime becomes geodesically 
complete, although the geodesics dehned in this manner have a discontinuity in their tangent 
vector at the horizon. While this seems like a reasonable dehnition, it remains troubling that the 
trajectories of observers cannot be determined locally as the solution of a second or differential 
equation that is well-dehned everywhere. 


The second question was partially addressed in 26 where it was noted that since shape dynamic 


black holes agree with general relativistic black holes in the exterior region it may be possible to 
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import whole-cloth certain derivations of Hawking radiation that make no reference to the interior 
region. This can be done by solving the Klein-Gordon equation in the background of the exterior 
black hole geometry, quantizing the Klein-Gordon held, and relating the ingoing modes at past null 
inhnity to ingoing modes at the horizon and outgoing modes at future null inhnity via Bogoliubov 
transformation 20 . Still, it would be preferable to derive Hawking radiation in the context of a 


collapse model in order to obtain a more concrete physical picture of the dynamics of black hole 
formation and evaporation. 

Rindler space provides a simple example of a solution of shape dynamics that might be used to 
study black hole thermodynamics via the Unruh effect. Moreover, all of the black hole solutions 
of shape dynamics share the same global causal structure as Rindler space, so this simple example 
might be used as a toy model to study more complicated questions about shape dynamic black 
holes. 

The singular parity horizon encountered in the case of the Bonner solution clarifies the role 
of the assumption of global hyperbolicity in shape dynamics, and suggests a general chronology 
protection mechanism in shape dynamics. One can assume global hyperbolicity from the out¬ 
set and then solutions with closed timelike curves are automatically excluded, but there remain 
solutions of general relativity which admit maximal slicing outside of the chronological Gauchy 
horizon. The procedure outlined in the case of the Bonner spacetime explains how these two 
facts can be reconciled. By making a singular coordinate transformation that makes the spatial 
metric invertible across the Gauchy horizon, one obtains a global solution of shape dynamics in 
which closed timelike curves do not form, and which contains closed null curves only on a singular 
sub-surface of measure zero. If one demands continuity of the phase space variables then these 
solutions must be discarded, since the metric and momentum are divergent there and the singu¬ 
larity in the square of the Gotton tensor ensures that there is no spatial diffeomorphism which can 
remove these divergences. 

Glearly, much work remains in understanding the physical differences between shape dynamics 
and general relativity, but the solutions presented in this work suggest that parity horizons, or 
some dynamical generalization thereof my be of great utility in characterizing the possible global 
differences between the two theories that can arise. 
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Appendix 

The general solution to Laplace’s equation in Gartesian coordinates can be written: 
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N{x,y,z)= ^ 


“ 1 “ Bx^ny,nz(' 


-^\AF^ 


ny,nz=0 


X A 


(nyy\ 

V 27r / 


+ By^ny cos 


(IT)) 




2n 


X A^ sin -— + B.n. cos -— 


77,2 Z 


27r 


Imposing A^(0, y, z) = 0, one obtains + B^ = 0, so the solution (74) becomes: 


(74) 


N{x,y,z) 


oo 



ny,nz=0 


X 

X 



sin 



sin 



+ By^n^ cos 
+ B^^riz cos 



(75) 


If we then impose 


dN 

dx 


= n 

X={) 


(76) 


the only allowed values of Uy and are zero, so the A’s and B’s corresponding to Uz 7^ 0 must 
all vanish, and one obtains 


Cr 


•'Tly^Tlz / 9 9 

'= = -^V 


(77) 


where c, 
gives 


riy^riz 


= 2A 


x,ny,nz 


By,nyBz,nz- Solving (77) for and inserting the result back into (75) 


N{x) 


2nK 


sinh 



ny=nz=0 


(78) 


Clearly, this equation must be interpreted as a limit, which can be evaluated using L’Hospital’s 
rule for indeterminate forms: 


N{x) 


271K . ^ fax 

hm-smh — 

a->0 a \27T 


271K X , 

hm-cosh 

a-5>0 1 27r 



= KX. 


(79) 
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